In this paper, we investigate the perturbations in matter bounce induced from Lee-Wick lagrangian with the involvement of non-minimal coupling to the Einstein Gravity. We find that this extra nonminimal coupling term can cause a red-tilt on the primordial metric perturbation at extremely large scales. It can also lead to large enhancement of reheating of the normal field particles compared to the usual minimal coupling models.
"hierarchy problem". It is also possible to construct an ultraviolet complete theory which preserves Lorentz invariance and unitarity in terms of Lee-Wick theory [24] .
We begin with the Lagrangian in our model to be in the form:
where m is the mass of the scalar fieldφ and V (φ) is the potential. A higher derivative term with minus sign is introduced with some new mass scale M . For the Higgs sector of Lee-Wick theory, the hierarchy problem is solved if we require that M ≫ m. After some field rotations, one can write down the effective Lagrangian:
whereφ is some auxiliary field and φ is defined as φ ≡φ +φ [34] . Here the mass matrix of the fields has been diagonalized due to the rotation. Usually there may be some interaction terms between the two fields, or some higher order self-interaction terms like φ 4 ,φ 4 , φ 2φ2 and so on, but here for simplicity and without losing generality, we will have all of them ignored by setting V (φ,φ) = 0. In framework of Friedmann-Robertson-Walker (FRW) metric,
it is easy to get the Friedmann equation as:
where κ 2 ≡ 8πG, and the equations of motion of the two fields arë
respectively. Let us now take a close look at how the model works to give rise to a bouncing scenario. The bounce happens by the conditions H = 0 andḢ > 0, which requires that the total energy density vanish at some point in the universe evolution. Starting off in the contracting phase, both the two fields φ andφ oscillate around the extrema of their potential with a growing amplitude due to the anti-friction of the negative Hubble parameter. Therefore, the energy densities of both fields will grow as a −3 (t), which behaves like non-relativistic matter. Note that the energy density ofφ is negative and its growth will cancel that of the total energy density of the universe. At the beginning, we assume that it is subdominant than that of φ, but as M ≫ m, it will grow faster and eventually catch up, canceling all the positive energy density with its kinetic energy overwhelming that of φ, which makesḢ > 0 and cause bounce to happen. Thus we can see that before and after the bounce, the universe can be viewed as "matter domination" with the effective equation of state w = 0, while in the neighborhood of the bounce point, the equation of state goes down to −∞ [35] . It is a good approximation to parameterize w in such a way for the following calculations.
In the following section, we will reinvestigate the scenario by taking into account the coupling of the field to Einstein Gravity. We assume that the normal scalar couples to the curvature through some non-minimal coupling term such as 2 . We will analyze in detail the evolution of the perturbations in presence of this term, including the metric perturbations as well as the effects on particle production. To support our analytical calculations, we will also perform the numerical investigations.
III. ADDING NON-MINIMAL COUPLING TERM TO THE LW BOUNCE

A. background
In this section, we investigate the system with the inclusion of the non-minimally coupled term. Generally, we can modify Lagrangian (1) in a very general form such as:
Generally, the additional term will affect the background evolution by modifying the field equations. This may make the analysis sophisticated and undoable. Moreover, if the modification is too large, the bounce may even be prevented. However, for the case of weak coupling, it is still suitable for us to preserve the bounce and take assumption that the background evolution is hardly affected. Thus it will be safe to use all the results obtained in the above section without losing fidelity.
To be more accurate, we test the background evolution numerically. We choose the parameters and initial conditions to be the same as in [11] . We find that up to |ξ| ∼ 0.05, the background evolution will not be affected very much and a bounce can still happen. But there may be a little difference, where the universe may enter into a small stage with w ≃ −1 before bounce, as have been shown in Fig. 1 . This is easy to understand from the field equation. In the additional term, ξR can be viewed as an effective correction to the original mass squared m 2 . At the initial stage where R is not very large, the correction is negligible, and the field evolves as it does without the additional term. But as the universe evolves like pressureless matter, R will get larger and larger. When the Hubble parameter is about to its maximal value, H ∼ m, the second scalarφ will begin to dominate the universe whereḢ transfers from negative to positive. At this moment, from the definition of R, we can see that it suddenly jumps by the amount of 2|Ḣ|. This behavior makes the energy density dominate the universe again for a short while, leading to w ≃ −1 in this period. As the energy density ofφ grows up and totally dominates the universe, the equation of state goes down to be below −1 and drives the bounce to happen. At the bouncing point where the total energy density of the universe vanishes, one can see from Fig. 1 that the equation of state goes down to negative infinity, and as stated before (in the footnote), it is not a real divergence. After the bounce, the EoS will come up to above −1 again as the time reversal of the pre-bounce process.
B. perturbation
In this section we will focus on the perturbation evolution of our model. We begin with the perturbed metric, in the conformal form. Here η ≡ dt a is the conformal time, and Φ and Ψ are scalar perturbations of the metric. Note that with existence of the non-minimal coupling term, Φ and Ψ are no longer equivalent. Similarly, the fields can be represented as homogeneous and fluctuation parts as:
In the following, we will neglect the subscript "0" and take φ andφ as background components. Then we will solve the perturbed Einstein Equations to see their evolutions.
general solution
From the perturbed Einstein Equation,
we obtain the following equations for perturbation variables:
where we have defined F ≡ 1 − κ 2 ξφ 2 . Since the equations are too sophisticated and there is no hope to solve it directly, we resort to the Einstein frame by a conformal transformation of the metric [27] 
The action (8) is then transformed into the form:
We introduce two new variables, χ andχ, which are defined as:
and rewrite the above action as:
The perturbed metric will be:
whereâ(η) = √ F a(η). For the perturbed metric in Einstein Frame where the off-diagonal components of the perturbed Einstein equations vanishes, we haveΦ =Ψ. This can also be obtained when we consider up to the first order approximation of the perturbed metric, which givesΦ = Φ + δF 2F , andΨ = Ψ − δF 2F where relation between Φ and Ψ has already been given in Eq. (16) . Moreover, Eq. (17) gives the direct relationship betweenΦ and the field perturbation,
which is convenient for us to calculateΦ in Einstein frame and then transform into the original Jordan frame. The equation forΦ is:Φ
whereĤ =â ′ /â. The right-hand side (r.h.s.) of the equation is assumed to be small and negligible except at the bounce point. Moreover, it is also convenient to define the curvature perturbationζ in terms ofΦ:
which is expected to be conserved on super-Hubble scales in the inflationary universe by the condition that the entropy perturbations are small and (1 + w) = 0:
At the next step we will solve Eq. (26) for each stage to get the perturbations Φ, Ψ and δφ, and see how it is effected by the non-minimal coupling term.
contracting phase
In contracting phase, the universe is dominated by the normal scalar φ. Since F deos not vary significantly, we roughly haveχ ∼φ which does not play an important role in the evolution. Then by neglecting the r.h.s. of Eq. (26), we consider it as a homogeneous equation. It is useful to define a new variable u ≡âΦ/χ ′ and rewrite Eq. (26) as:
where θ =Ĥ/(âχ ′ ). The solution can be split into two limits: short-wavelength (k 2 ≫ θ ′′ /θ) and long-wavelength (k 2 ≪ θ ′′ /θ) where θ ′′ /θ is the potential. For the short-wavelength perturbations where the potential term can be neglected, we have:
where C is a constant and c.c. stands for the complex conjugate. For long-wavelength perturbations, one gets:
From the above argument of Φ and Ψ as well as the definition of u, one can find the solutions for perturbation variables in terms of u which are:
where in the last formula we have neglected the contribution arising from δφ in (25), and we have used the approx- Substituting (30) or (31) to (32), (33) and (34), we get these variables in Jordan frame:
for the short-wavelength case, whereĤ is the Hubble parameter in Einstein Frame and the symbol "• ′′ denotes cosmic time derivative in Einstein frame (for details see Appendix A), or
for the long-wavelength case. The sketch plot of fluctuation modes compared to θ ′′ /θ are shown in Fig. 2 . For the case that the universe evolves with some constant equation of state w, the scale factor can be parameterized as:
where p is defined as p ≡ 2/[3(1 + w)]. This will be the case in the whole process except for the bouncing point. During the contracting phase before the non-minimal term dominates the universe, the fields oscillate around their extrema which made the universe behave like non-relativistic matter. The average value of the equation of state of the universe is < w >= 0 (see from Fig. 1 ), and the scale factor a(t) scales as t 2/3 . Since in this period the factor F does not evolve significantly, it can be approximately viewed as a constant. Therefore the scaling of Φ, Ψ and δφ are given as:
for short-wavelength case, and
for long-wavelength case, where a 0 is some normalization constant. Here the subscript "c" denotes the contracting phase and superscript " − " means the matter-like region which happens earlier. Note that Φ, Ψ and δφ have magnitudes of the same order which should be much less than m pl , so the difference between Φ and Ψ (proportional to δφ) will be severely suppressed. However, when the non-minimal term begins to dominate the universe, the equation of state approaches to −1. During this period one could define a slow roll parameter ǫ ≡ −Ḣ/H 2 which should be very small. Thus we can have a = a 1 t 1/ǫ and H = (ǫt) −1 . Moreover, we have from the Einstein Equations thatφ ∼ 
for long-wavelength case, where the superscript " + " stands for the deflationary region which comes later.
bouncing phase
When the universe is dominated by the auxiliary scalarφ, the equation of state drops down to below −1, and the total energy density of the unverse turns to decrease. When it goes to zero a bounce will happen. It is rather complicated to solve the equation (26) directly, however, we can make some modeling of the evolution to have it simplified without losing fidelity. Generalizing the parametrization method in [11] (see also [28] ), we parameterize the Hubble parameter near the bouncing point of the form:
with positive constants α 1 and β 1 of proper dimensions whose magnitudes are determined by the microphysics of the bounce. Note that it is unnecessary to contain terms with even power-laws of t. In our case, it can be estimated that α 1 ∼ m 2 . From the relations of variables between Jordan and Einstein frames, we can also obtain the approximate value ofĤ with respect tot up to first order of t:
where α ≃ 4α 1 /9. Since this parametrization is only valid during bounce phase where we can neglect the higher order terms of |η − η B | with η B being the comoving time at the bounce point, we obtain the equation forΦ of this phase as:
where y ≡ 12αa 2 B /π and a B is the scale factor at the bounce point. The solution is:
where H l and 1 F 1 denotes the l-th Hermite polynomial and confluent hypergeometric function respectively, with
The short-and long-wavelength limits of the solution are quite different. For short wavelength (k 2 ≫ y), it reads:
while for long wavelength (k 2 ≪ y), it is:
expanding phase
The expanding phase can be viewed as time reversal process of the contracting phase. In this period, both the two fields will roll down along their potentials and begin to oscillate with a decaying amplitude and redshifted energy density. Similar to the case of contracting phase, at the beginning of expansion of the universe, the non-minimal coupling term still remains large and dominate over the mass term of the φ field, and thus φ can be approximated as a slow-rolling field. This drives the total equation of state w to approach −1, and lead to a short period of inflation. But soon, when the non-minimal coupling term becomes less important, both fields will oscillate around their minimum, behaving like non-relativistic matter again.
One can also get the short and long wavelength solutions of the metric and field perturbations Φ, Ψ and δφ for the expanding phase. We only care about the long-wavelength case which make sense for observation today. As similar to the contracting case just except for replacing the scripts, one gets:
for the short inflationary period, and
for the matter-like expanding phase. Here the subscript "e" denotes expanding phase and superscripts " − " and " + " stand for inflationary and matter-like regions separately.
spectrum
Having in hand the solutions in the above sections which stand for different phases, now it is time to connect all of them using matching conditions. According to [7] and [8] , we can require that for each point which joins two phases together, the three-metric as well as its extrinsic curvature should be continuous. In conformal Newtonian gauge which is used in this paper, this indicates that
where ± means the difference before and after the transition point. Substituting solutions for perturbations of each period into (61) we can get the final results for them. From the last paragraph we can see that at last the solution is divided by two parts, one is constant (D + e mode) and the other is decaying (S + e mode). We are only interested in the first mode, which dominates over the other one. Since the calculation is rather straightforward and tedious, we only list the final result as follows:
For all the coefficients that appear above, we refer the readers to Appendix B. These coefficients are all the specific value at the joint point, so they are independent on k. Moreover, the mode in contracting phase D 2 will be blue-tilted by exactly the right amount to yield a scale invariant spectrum. This is the same behavior as the normal case of matter bounce without non-minimal coupling.
However, different from the normal case, we find that the S − c mode also has contributions in the zeroth order in k 2 to the final spectrum. As we know, in the standard case of minimal coupling, the constant mode after the transfer point cannot be inherited from the running mode before the transfer. Actually, one may find that the coefficients (0) M + e and (0) M + c vanish except for those terms containing ξ (information from non-minimal coupling term), which is consistent with its minimal coupling limit ξ → 0, but when non-minimal coupling terms are introduced, a mixing between the two will happen. In our case, since the remaining terms cannot be very large due to the small ξ, the amplitude of S − c will be suppressed, and in a considerable region of large scales, we can also obtain a scale-invariant spectrum [36] . Nevertheless, for extremely large scales, the contribution of S − c of zeroth order in k will become non-negligible, and the spectrum will have a red-tilt.
numerical results
In order to support our analysis above, we also perform the numerical calculation for the perturbations. Fig. 3 is the numerical results for the dependence of the metric power spectrum P Ψ on the cosmic time t for different comoving k modes, where we use the normal definition of power spectrum as:
We choose the zero point on the horizontal axis to be the bouncing point, and set the initial conditions to be BunchDavies vacuum. One can see from our plot that before the bounce point, the perturbation is dominated by their growing modes, and after the bounce, it is dominated by the constant modes, which fits the analytical results very well. As for the k dependence, we see that for medium k modes, the power spectrum takes on scale invariance while in the extremely small k modes where k 10 −6 m pl , the spectrum will present a slightly red tilt. This is because the non trivial inheritance of the growing mode in contracting phase to the constant mode in expanding phase at zeroth order of k due to the non-minimal coupling effects. Since the scale variance happens only in extreme large scales, we expect that it could be tested in the future observational data.
Furthermore, we calculate numerically the evolution of the particle production δφ with respect to t and plot the result in Fig. 4 . Particle production is expected in the region where the squared value of momentum scales of the perturbation modes are larger than the potential so that the WKB approximation becomes valid, such as the reheating process at the end of inflation [29] . Here at the bouncing point crossing, there is also possibilities to produce particles. In the usual case, we can define another variable ϕ ≡ a 3 2 δφ, which satisfies equation of motion as:
where
From above we can see that, although the first two terms are positive-determined, there will remain some additional terms due to the geometry of the universe, which would cause ω 2 k to be less than zero. If this is the case, the field will have tachyonic behavior and will blow up with particle production (which can be called as tachyonic reheating [30] ). However, if there is a non-minimal coupling term with a negative coupling constant ξ, this effect will get larger since ω 2 k gets a more negative value. This can be seen from the modified equation of motion which becomes:φ This is usually called geometric reheating [31] . In Fig. 4 we can see that indeed the particle production gets much enhancement in the non-minimal coupling case than its minimal coupling counterparts. This is another interesting result in our case which are expected to be tested by the future experiments. 
IV. CONCLUSIONS AND DISCUSSIONS
Non-minimal coupling is a very popular subject in cosmology and has been widely studied in the literature. In this paper, we have investigated the possibility of generating a matter bounce by the Lee-Wick type scalar field with a non-minimal coupling term involved, and studied its perturbations. As in the previous work done in [11] , a bounce was obtained when the non-minimal coupling is not too large to have unexpected effects. However, as it gives correction to the effective mass of the field, a short period of deflation/inflation before/after the bounce will happen.
Using the standard techniques of calculating perturbations of bounce developed from previous works, we have calculated the perturbations of the model in detail. One of the big differences from previous one for minimal coupling is that the non-minimal coupling to gravity causes the difference between the two scalar perturbations Φ and Ψ, which will cause very interesting consequences. We have obtained the solution for each stage of evolution and compiled them together using proper matching conditions. We have found that the final dominant mode can be inherited nontrivially from the subdominant mode in the zero-th order of wave number k due to this difference. This will lead to the red-tilt of the power spectrum at very large scales, which can be justified in future observation [37] .
Another result we obtained is that due to the non-minimal coupling, the particle production of the scalar will get greatly enhanced. In the region of validity of the WKB approximation when the quantum effects become significant, the field will get excited and produce particles. This is very common in reheating process. When there is a negative effective mass squared term in the field equation, the particle production will get enhanced due to tachyonic resonance. In usual cases, the averaged value of perturbations of the scalar field will get an enhancement through bounce time due to geometrical effects. When a non-minimal coupling term is involved in the field equation, the mass of the field will be corrected. In the case of negative coupling coefficient, the field will get a more negative effective mass squared, and the particle production will get more efficiently enlarged. This is also very interesting phenomenon and can be tested by experiments on particle physics.
Finally we would like to close with some remarks on future works. The bounce with non-minimal coupling is very interesting topic since in the early epoch, Einstein's gravity is likely to be modified, which can give some valuable effects to the evolution of our universe. It is deserved to pay attention to this project both from the theoretical side such as the perturbation, non-Gaussianity, effects on CMB and so on, and from observational side, such as the constraints, confirmation or even exclusion from experimental data. All these works are expected to take on in the future.
This appendix is set to claim the relation between Hubble parameter in the two frames used in the text. As is well known, the differentiations of comoving time dη are the same in the two frames, while that of cosmic time dt are not. By definition, we have dt = √ F dt wheret denotes the cosmic time in Einstein frame. Due to this difference, one should be careful when using variables with derivatives in terms of t such as Hubble parameter H. As is already mentioned in the previous sections, the Hubble parameter defined in Jordan frame is:
However, we can also define a Hubble parameter in Einstein frame, which is:
where we have introduced the symbol " • ′′ to represent the cosmic time derivative in Einstein frame:
We can see from the definitions that the two Hubble parameters have the same type of relation to the comoving Hubble parameters in their frames: H = aH andĤ =âĤ. Reminding the relationâ = a √ F , it is easy to find the description ofĤ in terms of H and
Furthermore, we can derive its derivatives with respect to cosmic timet which are: 
